We review our on-going theoretical and phenomenological investigation of the prospects to discover QCD-instantons in deep-inelastic scattering at HERA.
Introduction
It is a remarkable fact that non-Abelian gauge fields in four Euclidean space-time dimensions carry an integer topological charge. Instantons [1] (anti-instantons) are classical solutions of the Euclidean Yang-Mills equations and also represent the simplest non-perturbative fluctuations of gauge fields with topological charge +1 (−1). In QCD, instantons are widely believed to play an essential rôle at long distance: They provide a solution of the axial U(1) problem [2] , and there seems to be some evidence that they induce chiral symmetry breaking and affect the light hadron spectrum [3] . Nevertheless, a direct experimental observation of instanton-induced effects is still lacking up to now.
Deep-inelastic scattering at HERA offers a unique window to discover QCD-instanton induced events directly through their characteristic final-state signature [4, 5, 6, 7] and a sizeable rate, calculable within instanton perturbation theory [8, 9, 10] . It is the purpose of the present contribution to review our theoretical and phenomenological investigation of the prospects to trace QCD-instantons at HERA.
The outline of this review is as follows:
We start in Sect. 2 with a short introduction to instanton physics, contentrating especially on two important building blocks of instanton perturbation theory, namely the instanton size distribution and the instanton-anti-instanton interaction. A recent comparison [11] of the perturbative predictions of these quantities with their non-perturbative measurements on the lattice [12] is emphasized. It allows to extract important information about the range of validity of instanton perturbation theory. The special rôle of deep-inelastic scattering in instanton physics is outlined in Sect. 3: The Bjorken variables of instanton induced hard scattering processes probe the instanton size distribution and the instanton-anti-instanton interaction [8, 9] . By final state cuts in these variables it is therefore possible to stay within the region of applicability of instanton perturbation theory, inferred from our comparison with the lattice above. Moreover, within this fiducial kinematical region, one is able to predict the rate and the (partonic) final state. We discuss the properties of the latter as inferred from our Monte Carlo generator QCDINS [5, 13] . In Sect. 4, we report on a possible search strategy for instanton-induced processes in deep-inelastic scattering at HERA [7] .
Instantons in the QCD Vacuum
In this section let us start with a short introduction to instantons and their properties, both in the perturbative as well as in the non-perturbative regime. We shall concentrate on those aspects that will be important for the description of instanton-induced scattering processes in deep-inelastic scattering in Sect. 3. In particular, we shall report on our recent determination of the region of applicability of instanton perturbation theory for the instanton size distribution and the instanton-anti-instanton interaction [11] . Furthermore, we elucidate the connection of instantons with the axial anomaly.
Instantons [1] , being solutions of the Yang-Mills equations in Euclidean space, are minima of the Euclidean action S. Therefore, they appear naturally as generalized saddle-points in the Euclidean path integral formulation of QCD, according to which the expectation value of an observable O is given by
where the normalization,
denotes the partition function. Physical observables (e.g. S-matrix elements) are obtained from the Euclidean expectation values (1) by analytical continuation to Minkowski space-time. In particular, the partition function (2) corresponds physically to the vacuum-to-vacuum amplitude.
Instanton perturbation theory results from the generalized saddle-point expansion of the path integral (1) about non-trivial minima of the Euclidean action 1 . It can be shown that these nontrivial solutions have integer topological charge,
and that their action is a multiple of 2π/α s ,
In the weak coupling regime, α s ≪ 1, the dominant saddle-point has |Q| = 1. The solution corresponding to Q = 1 is given by 2 [1] (singular gauge)
where the "collective coordinates" ρ, x 0 and U denote the size, position and colour orientation of the solution. The solution (5) has been called "instanton" (I), since it is localized in Euclidean space and time ("instantaneous"), as can be seen from its Lagrange density,
It appears as a spherical symmetric bump of size ρ centred at x 0 .
The natural starting point of instanton perturbation theory is the evaluation of the instanton contribution to the partition function (2) [2] , by expanding the path integral about the instanton (5). Topological Charge Density Lagrange Density Figure 1 : Instanton content of a typical slice of a gluon configuration on the lattice at fixed x, y as a function of z and t [17] . Lagrange density before "cooling", with fluctuations of short wavelength O(a) dominating (left). After "cooling" by 25 steps, 3 I's and 2 I's may be clearly identified as bumps in the Lagrange density (middle) and the topological charge density (right).
Since the action is independent of the collective coordinates, one has to integrate over them and obtains the I-contribution Z (I) , normalized to the topologically trivial perturbative contribution Z (0) , in the form
The size distribution D m (ρ) is known in the framework of I-perturbation theory for small α s (µ r ) ln(ρ µ r ) and small ρ m i (µ r ), where m i (µ r ) are the running quark masses and µ r denotes the renormalization scale. After its pioneering evaluation at 1-loop [2] for N c = 2 and its generalization [14] to arbitrary N c , it is meanwhile available [15] in 2-loop renormalization-group (RG) invariant form, i.e.
with the reduced size distribution
Here, γ 0 is the leading anomalous dimension coefficient, β i (i = 0, 1) denote the leading and next-to-leading β-function coefficients and d MS is a known [16] constant.
The powerlaw behaviour of the (reduced) I-size distribution,
generically causes the dominant contributions to the I-size integrals (e.g. Eq. (7)) to originate from the infrared (IR) regime (large ρ) and thus often spoils the applicability of I-perturbation Figure 2 : Continuum limit [11] of "equivalent" UKQCD data [12, 18] for the (I + I)-size distribution (top) and the normalized II-distance distribution (bottom) along with the respective predictions from I-perturbation theory and the valley form of the II-interaction [11] . The 3-loop form of α MS with Λ (0) MS from ALPHA [19] was used. theory. Since the I-size distribution not only appears in the vacuum-to-vacuum amplitude (7), but also in generic instanton-induced scattering amplitudes (c.f. Sect. 3) and matrix elements, it is extremely important to know the region of validity of the perturbative result (9) .
Crucial information on the range of validity comes [11] from a recent high-quality lattice investigation [12] on the topological structure of the QCD vacuum (for n f = 0). In order to make I-effects visible in lattice simulations with given lattice spacing a, the raw data have to be "cooled" first. This procedure is designed to filter out (dominating) fluctuations of short wavelength O(a), while affecting the topological fluctuations of much longer wavelength ρ ≫ a comparatively little. After cooling, an ensemble of I's and I's can clearly be seen (and studied) as bumps in the Lagrange density and in the topological charge density (c.f. for which we took the most accurate (non-perturbative) result from ALPHA [19] . The theoretically favoured choice µ r ρ = O(1) in Fig. 2 (top) optimizes the range of agreement, extending right up to the peak around ρ ≃ 0.5 fm. However, due to its two-loop renormalization-group invariance, D(ρ) is almost independent of µ r for ρ < ∼ 0.3 fm over a wide µ r range. Hence, for ρ < ∼ 0.3 fm, there is effectively no free parameter involved.
Turning back to the perturbative size distribution (8) in QCD with n f = 0 light quark flavours, we would like to comment on the appearent suppression of the instanton-induced vacuum-tovacuum amplitude (7) for small quark masses, ρm i ≪ 1. It is related [2] to the axial anomaly [20] according to which any gauge field fluctuation with topological charge Q must be accompanied by a corresponding change in chirality,
Thus, pure vacuum-to-vacuum transitions induced by instantons are expected to be rare. On the other hand, scattering amplitudes or Green's functions corresponding to anomalous chirality violation (c.f. Fig. 3 ) are expected to receive their main contribution due to instantons and do not suffer from any mass suppression.
Let us illustrate this by the simplest example of one light flavour (n f = 1): The instanton contribution to the fermionic two-point function can be written as
Expressing the quark propagator in the I-background, S (I) , in terms of the spectrum of the Dirac operator in the I-background, which has exactly one right-handed zero mode
with λ 0 = 0 and λ n = 0 for n = 0,
we see that for m → 0 only the zero mode contribution survives in Eq. (12),
Note that κ 0 κ † 0 has Q 5 = 2, exactly as required by the anomaly (11) . For the realistic case of three light flavours (n f = 3), the generalization of Eq. (15) leads to non-vanishing, chirality violating six-point functions corresponding to the anomalous processes shown in Fig. 3 .
Finally, let us turn to the interaction between instantons and anti-instantons. In the instantonanti-instanton (II) valley approach [22] it is determined in the following way: Starting from the infinitely separated (R → ∞) II-pair,
one looks for a constraint solution, which is the minimum of the action for fixed collective coordinates, ρ, ρ, U, R. The valley equations have meanwhile been solved for arbitrary separation R [23] and arbitrary relative color orientation U [24] . Due to classical conformal invariance, the II-action S (II) and the interaction Ω,
depend on the sizes and the separation only through the "conformal separation",
Because of the smaller action, the most attractive relative orientation (c.f. Fig. 4 ) dominates in the weak coupling regime. Thus, in this regime, nothing prevents instantons and anti-instantons from approaching each other and annihilating. 
where the group-averaged distribution of II-pairs, D II (R, ρ, ρ), is known, for small α s , m i , and for sufficiently large R [9, 10, 11],
Here, the scale factor s II = O(1) parametrizes the residual scheme dependence and
denotes the fermionic interaction induced by the quark zero modes.
We will see below in Sect. 3 that the distribution (20) is a crucial input for instanton-induced scattering cross sections. Thus, it is extremely welcome that the range of validity of (20) can be inferred from a comparison with recent lattice data. Fig. 2 (bottom) displays the continuum limit [11] of the UKQCD data [12, 18] for the distance distribution of II-pairs, dn
with the theoretical prediction [11] . The latter involves (numerical) integrations of exp(−4π/α s ·Ω) over the II relative color orientation (U), as well as ρ and ρ. For the respective weight D(ρ)D(ρ), a Gaussian fit to the lattice data was used in order to avoid convergence problems at large ρ, ρ. We note a good agreement with the lattice data down to II-distances R/ ρ ≃ 1. These results imply first direct support for the validity of the "valley"-form of the interaction Ω between II-pairs.
In summary: The striking agreement of the UKQCD lattice data with I-perturbation theory is a very interesting result by itself. The extracted lattice constraints on the range of validity of I-perturbation theory can be directly translated into a "fiducial" kinematical region for our predictions [9, 11] in deep-inelastic scattering, as shall be discussed in the next section.
Instantons in Deep-Inelastic Scattering
In this section we shall elucidate the special rôle of deep-inelastic scattering for instanton physics. We shall outline that only small size instantons, which are theoretically under contrôl, are probed in deep-inelastic scattering [8] . Furthermore, we shall show that suitable cuts in the Bjorken variables of instanton-induced scattering processes 5 allow us to stay within the range of validity of instanton perturbation theory, as inferred from the lattice [9, 10] . We review the basic theoretical inputs to QCDINS, a Monte Carlo generator for instanton-induced processes in deep-inelastic scattering [5, 13] . Finally, we discuss the final state characteristics of instanton-induced events.
Let us consider a generic I-induced process in deep-inelastic scattering (DIS),
which violates chirality according to the anomaly (11). The corresponding scattering amplitude is calculated as follows [8] : The respective Green's function is first set up according to instanton perturbation theory in Euclidean position space, then Fourier transformed to momentum space, LSZ amputated, and finally continued to Minkowski space where the actual on-shell limits are taken. Again, the amplitude appears in the form of of an integral over the collective coordinates [8] ,
In leading order, the momentum dependence of the amplitude for fixed ρ and U,
factorizes, as illustrated in Fig. 5 for the case n f = 1: The amplitude decomposes into a product of Fourier transforms of classical fields (instanton gauge fields; quark zero modes, e.g. as in Eq. (15) Figure 5 : Instanton-induced chirality-violating process, γ
, for n f = 1 in leading order of I-perturbation theory. The corresponding Green's function involves the products of the appropriate classical fields (lines ending at blobs) as well as the (non-zero mode) quark propagator in the instanton background (quark line with central blob).
and effective photon-quark "vertices" V (t(u)) µ (q, −k 1(2) ; ρ, U), involving the (non-zero mode) quark propagator [26] in the instanton background. These vertices are most important in the following argumentation since they are the only place where the space-like virtuality −q 2 = Q 2 > 0 of the photon enters.
After a long and tedious calculation one finds [8] for these vertices,
where
Here comes the crucial observation: Due to the (large) space-like virtualities Q 2 = −q 2 > 0 and Q ′2 = −(q − k) 2 ≥ 0 in DIS and the exponential decrease of the Bessel K-function for large arguments in Eq. (27) , the I-size integration in our perturbative expression (23) for the amplitude is effectively cut off. Only small size instantons, ρ ∼ 1/Q, are probed in DIS and the predictivity of I-perturbation theory is retained for sufficiently large Q = min(Q, Q ′ ).
The leading 6 instanton-induced process in the DIS regime of e ± P scattering for large photon virtuality Q 2 is illustrated in Fig. 6 . The inclusive I-induced cross section can be expressed as 6 I-induced processes initiated by a quark from the proton are suppressed by a factor of α 2 s with respect to the gluon initiated process [9] . This fact, together with the high gluon density in the relevant kinematical domain at HERA, justifies to neglect quark initiated processes. The leading instanton-induced process in the deep-inelastic regime of e ± P scattering (n f = 3). a convolution [4, 9] , involving integrations over the target-gluon density, f g , the virtual photon flux, P γ * , and the known [9, 10] flux P (I) q ′ of the virtual quark q ′ in the I-background (c.f. Fig. 6 ).
The crucial instanton-dynamics resides in the so-called instanton-subprocess (c.f. dashed box in Fig. 6 ) with its associated total cross section σ
, depending on its own Bjorken variables,
The cross section is obtained [9, 10] in the form of an integral over II collective coordinates 7 ,
Thus, as anticipated in Sect. 2, the group averaged distribution of II-pairs (20) is closely related to the instanton-induced cross section. The lattice constraints on this quantity are therefore extremely useful. Again, the quark virtuality Q ′2 cuts off large instantons. Hence, the integrals in (29) are finite. In fact, they are dominated by a unique saddle-point [9, 10] , U * = most attractive relative orientation ;
from which it becomes apparent (c.f. Fig. 7 ) that the virtuality Q ′ contrôls the effective I-size, while x ′ determines the effective II-distance (in units of the size ρ). By means of the discussed saddle-point correspondence (30) , the lattice constraints may be converted into a "fiducial" region for our cross section predictions in DIS [9] ,
As illustrated in Fig. 7 , σ
is very steeply growing for decreasing values of Q ′2 and x ′ , respectively. The constraints (31) from lattice simulations are extremely valuable for making concrete predictions. Note that the fiducial region (31) and thus all our predictions for HERA never involve values of the II-interaction Ω smaller than −0.5 (c.f. Fig. 4) , a value often advocated as a lower reliability bound [27] .
Let us present an update of our published prediction [9] of the I-induced cross section at HERA. For the following modified standard cuts, MeV [28] , on which σ (I) is known to depend very strongly [9] . We have also used now the 3-loop formalism [28] to perform the flavour reduction of Λ (n f ) MS from 5 to 3 light flavours. Finally, the value of σ (I) is substantially reduced compared to the one in Ref. [9] , since we preferred to introduce a further cut in Q 2 , with Q 2 min = Q ′2 min , in order to insure the smallness of the I-size ρ in contributions associated with the second term in Eq. (27) . Based on the predictions of I-perturbation theory, a Monte Carlo generator for simulating QCDinstanton induced scattering processes in DIS, QCDINS, has been developed [5, 13] . It is designed as an "add-on" hard process generator interfaced by default to the Monte Carlo generator HER-WIG [29] . Optionally, an interface to JETSET [30] is also available for the final hadronization step.
QCDINS incorporates the essential characteristics that have been derived theoretically for the hadronic final state of I-induced processes: notably, the isotropic production of the partonic final state in the I-rest system (q ′ g center of mass system in Fig. 6 ), flavour "democracy", energy weight factors different for gluons and quarks, and a high average multiplicity 2n f + O(1/α s ) of produced partons with a (approximate) Poisson distribution of the gluon multiplicity.
The characteristic features of the I-induced final state are illustrated in Fig. 8 displaying the lego plot of a typical event from QCDINS (c. f. also Fig. 6 ): Besides a single (not very hard) current jet, one expects an accompanying densely populated "hadronic band". For x Bj min ≃ 10 −3 , say, it is centered around η ≃ 2 and has a width of ∆η ≃ ±1. The band directly reflects the isotropic production of an I-induced "fireball" of O(10) partons in the I-rest system. Both the total transverse energy E T ≃ 15 GeV and the charged particle multiplicity n c ≃ 13 in the band are far higher than in normal DIS events. Finally, each I-induced event has to contain strangeness such that the number of K 0 's amounts to ≃ 2.2/event.
Search Strategies
In a recent detailed study [7] , based on QCDINS and standard DIS event generators, a number of basic (experimental) questions have been investigated: How to isolate an I-enriched data sample by means of cuts to a set of observables? How large are the dependencies on Monte-Carlo models, both for I-induced (INS) and normal DIS events? Can the Bjorken-variables (Q ′ , x ′ ) of the I-subprocess be reconstructed?
All the studies presented in Ref. [7] were performed in the hadronic center of mass frame, which is a suitable frame of reference in view of a good distinction between I-induced and normal DIS events (c. f. Ref. [6] ). The results are based on a study of the hadronic final state, with typical acceptance cuts of a HERA detector being applied.
Let us briefly summarize the main results of Ref. [7] . While the "I-separation power"= INS eff(iciency) /DIS eff(iciency) typically does not exceed O(20) for single observable cuts, a set of six observables (among ∼ 30 investigated in Ref. [6] )) with much improved joint I-separation power = O(130) could be found, see Fig. 9 . These are (a) the p T of the current jet, (b) Q ′2 as reconstructed from the final state, (c) the transverse energy and (d) the number of charged particles in the I-band region 8 , and (e,f) two shape observables that are sensitive to the event isotropy.
The systematics induced by varying the modelling of I-induced events remains surprisingly small (Fig. 10) . In contrast, the modelling of normal DIS events in the relevant region of phase space turns out to depend quite strongly on the used generators and parameters [7] . Despite a relatively high expected rate for I-events in the fiducial DIS region [9] , a better understanding of the tails of distributions for normal DIS events turns out to be quite important. Figure 9 : Distributions of various observables for normal DIS and I-induced processes [7] . Shown are the distributions for the "reference Monte Carlos" (INS markers = QCDINS + HERWIG, DIS markers = ARIADNE [31] , including Pomeron exchange) and their variations (shaded band) resulting from the choice of different models or the variation of parameters of a model (c. f. Figure 10: I-separation power (INS eff /DIS eff ) of a multidimensional cut-scenario depending on the variation of MC models and parameters used to simulate I-induced events [7] . The efficiencies and remaining event numbers for an integrated luminosity L ≃ 30 pb −1 and corresponding to the cross section from QCDINS 1.6.0 are listed.
